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A Wide-Band Square-Law Circuit Element 
A .  S. SOLTESt 

Summary-A square-law  circuit  element  with  operating  frequency 
range  from  zero  into  the vhf region is  described.  Its  dynamic  range 
and accuracy  capabilities  vary  with  the  particular  conditions  under 
which it  is  operated;  accuracies  within  less  than  one  per  cent of full 
scale  and  output  dynamic  ranges of over 100 db  have  been  achieved. 
Frequency  response  limitations  and  possible  sources of error  are 
analyzed.  Experimentally  determined  characteristics are  presented 
and  noise  properties,  dynamic  range, and accuracy  potentialities 
evaluated. 

ISTRODC-CTIOS 
HE AIPPLIC*4TIO?; of electronic  techniques to  high 
speed  analog  computing  and  automatic  control  has 
hrought  with it’ the need for  circuit’  elements that 

hare  accurate!  reproducible,  prescribed  mathematical 
charavteristics  and  are  capable of operating  at  the  speeds 
afforded by conventional  circuit  components. 

The square-law  circuit  element  was  originally  developed 
to  satisfy the need for  a n-ide-hand caircuit element  arouQd 
which  a  square-law  amplifier  could  be  designed  capable 
of operating on a  continuous  stream of short, pulsed 
carrier signals,  such as might’ appear,  for  example,  in  a 
radar IF amplifier. Square-lav  range of 40 db  at  output’ 
(accuracy  within  one  per  cent of full  scale)  was required. 
,I review of existing  methods  for  generating  noa- 

linearities,  such as  the  static characteristics of conventional 
vacuum  tubes  and  crystals, alone or in 
biased  conventional  square-law  detectors,  and 
feedback type  function revealed that for 
our  purposes all  were either  too  inaccurate or had in- 
sufficient bandwidth.” A new approach was, therefore, 
necessary to  develop  a  suitable  square-law  device. As a 
component possessing a  parabolic  transfer  characteristic 
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over  a  wide frequency  range,  this square-law  device is 
potentially  applicable  wherever  a  true  mathematical 
square-lam  characteristic  is  required. 

It has been  used  t’o  satisfy the  requirements of the 
square-law  amplifier  application  described  above!13  and 
has  also been successfully  employed in  a  high speed 
function  multiplier circuit of the  quarter-square  type.I4 
It may find other useful  applications  in  linear  modulators 
of the suppressed  carrier  type!  detectors,  phase  meters  and 
other  computer  operations  such  as  squa,ring  and  square- 
rooting. The principle of operation may also  be  employed 
to  generate  other  prescribed  nonlinearities. 

DESCRIPTION 
The  method chosen for  obtaining  the  required ]Tide- 

band  square-law  action was to  deflect  a  sheet of electrons 
across suitably  shaped  target  electrodes  in a beam- 
deflection tube,  as shown  in  Fig. 1. The  input volt’age is 
applied to  the deflection plates,  and  the  output  current is 
drawl  from  either  the  shaped mask or collector  electrodes, 
or both.  The  output  current is thus some  function of the 
input  volt’age  determined  by  the  geometry of the electron 
beam  and  the  shaped  target. A rectangular co-ordinate type 
of geometry is  shown  in  order t o  simplify the description. 

ELECTRON SHAPED COLLECTOR 

wmrn 

Fig.  1-Functional  schemat,ic of beam  deflection tube. 

This  method is  essentially  “inertialess” and hence 
adaptable  to a  wide  range of frequencies  limited  only by 
transit  time.  Furthermore,  the  same  approach  may  be 
used to  produce a  variety of transfer  characteristics  by 
merely  modifying the  target shape. 

Trans. IRE,  vol. EC-3, S o .  2, pp. 37-41; June, 1945. 
13 A. S. Soltes, “A wide-band  square-law  computing  amplifier,’’ 
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function  multiplier,” Electronics, vol.  28,  pp. 160-163: February, 
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Fig. 2-(a) QK-256  beam deflection square-law tube.  (b) QK-256 
cut-away  vien-. (c) Equivalent mask shapes. n short  parabolas  each 
of height “H” and  width “W” are  equivalent to one long parabola 
of height n X H and  width W. 

The  target used to  produce  a  square-law  characteristic 
is parabolic  in  shape. As will be  shown in  the  subsequent 
analysis,  such a  target  shape is  extremely  tolerant  with 
regard to  the beam  shape  with which it  must be  combined 
to  produce  a square-law  characteristic.  Hence,  although 
more complicated  beam-forming  structures  are necessary 
to  accurately  produce an  arbitrary  transfer  characteristic, 
an adequate design  for a square-law tube  may  be  very 
simple. Tubes were  developed on the principle  described 
above by  the  Raytheon  Manufacturing  Company on 
contract”  with  this  laboratory  (Raytheon  Types QK-256 

16 “Study of a Beam Deflection Tube Approach Toward Ob- 
taining Nonlinear Characteristics,”  Reps. 1-11, Contract 90. AF19 
(122)-17, Raytheon  Manufacturing Co., Power Tube  Div.;  March, 
1949-January, 1952. 

and QK-329). The  tubes [Figs. 2(a)  and (b)] have  cylindri- 
cal symmetry  about’  a  cathode  located on the axis of the 
cylinder. The  gun  structure is  simply the  cathode,  and  the 
electrons  travel  radially  out  from it  in the  form of a  disk 
shaped  beam.  The n-asher-like deflection plates,  located 
on either side of the  beam,  serve bot’h to  focus the electron 
disk  on the shaped  target,  or  mask,  and  to raise  or lower 
its  outer edge in  accordance  with the  input  voltage.  Fig. 
2(b) show  the  shaped  mask  lying on its side  in  the  form 
of a cylinder  concentric  with the  cathode. A collector  ring 
surrounds  the  target  to pick up electrons  not  previously 
intercepted. 

If the mask  electrode  were  opened  out  flat, its  shape 
would be  a long, thin, rectangle-a difficult form  within 
which to  shape  a  parabola  accurately.  For  mechanical 
convenience, the mask  was  actually  divided  into  a  number 
of small,  identical  parabolas of convenient  dimensions 
which are  the  equivalent of one  long parabola  as shown in 
Fig.  2(c).  This  method of construction,  as will be  shown, 
also  results  in  a  reduction of distortion  from  certain 
inlperfections  which  may  occur  in the  fabrication of the 
tubes. 

FREQCENCY RESPOSSE LIMITATIOXS 
The  fundamental  limitation on the  frequency  range of 

the  beam deflection  square-Ian- tube is  imposed by  transit 
time.  This  limitation causes: (a) reduction  in  deflection 
sensitivity  with  increasing  frequency  up to  transit angles 
of about 2 9 radians,  and (b) above  that  point  fluctuations 
in deflection sensitivity  with  frequency.  An  estimate of 
the  potential  limitation  in  frequency response  for typical 
operating  conditions  may be made  by  a  rough  computation 
of the half-power frequency  due to  transit  time. In 
practical  units,  the  transit  time, T ,  for  planar  electrodes is 

T = 3.35 X lo-’ d,’1“/2 seconds‘‘ (1) 

where d is  electrode  spacing  in  cm  and I’ is the accelerating 
potential  in  practical  volts. 

Substituting T from (1) in ( 2 )  relating  frequency, .f, 
transit  angle, 9, and  transit  time 

f = 91291’ (2) 

we get 

.f = 30.2 X 9V1/*/29d mc. (3) 

For d = 2  em and T’ = 300 v, which are  typical  for  these 
t’ubes 

f = 2.58 X 102@./2a mc. (4) 

It may be determined  from  a  curve of per  cent of dc 
sensitivity vs transit angle’’ that  a  reduction  in  sensitivity 
t’o 0.707 of that  at  de corresponds to  a  transit angle of 
approximately 9 radians.  Substituting 9 = 9, 

McGraw-Hill Book Co., Inc., New York, N. Y., 1 s t  ed., p. 275; 1943. 
16Derived from F. E. Terman,  “Radio Engineers’ Handbook,” 

RC.4 Rev. ,  vol. 8, p. 490; September, 1947. 
17 G. R. Kilgore,  “Beam-deflection  control for amplifier tubes,” 
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.fn.70i = 2.58 X 10’ X 112 = 129 mc. (5) 

ANALYSIS OF PROPERTIES OF THE TUBE STRUCTURE WITH 

RESPECT TO POSSIBLE SOURCES OF ERROR IS STATIC 
CHARACTERISTICS 

For convenience in  the discussions  which follow, the 
target  structures of the  tube will be  assumed to  be opened 
out flat’, after  the  manner of Fig. 1, unless  othern-ise stated. 
The deflection  axis will be  referred to  as  the “x” co- 
ordinate  and  the f ( z )  axis as  the “y” co-ordinate. 

EJect of Beam Shape 

It is  obvious that  for  the  tube  geometry selected,  a  mask 
shaped like the desired transfer  characteristic will yield  a 
perfect  characteristic  when  scanned  by  an  infinitely 
narrow,  uniform  beam.  However,  a  practical  tube  has 
finite  beamwidth  and  a  current  density  distribution that 
approximates  a  Gaussian  error  curve;  furthermore,  these 
factors  nil1  vary  with  focus. 

Fortunately,  it  turns  out  that if an electron  sheet has 
uniform  density, J ,  in the “y” dimension (i.e. J ( y )  = 

const),  and  its  density  distribution  in  the “ 2 ’  dimension, 
J ( x ) ,  does not change  with deflection, it n-ill yield  a 
parabolic  static  characteristic when  deflected  linearly 
across  a  parabolic  mask  regardless of what J ( r )  may be. 
This can  be  shown  from the  fact  that  the sun1 of any 
number of parabolas is  also  a parabola;  that  is,  any poly- 
nomial of the second  degree 

y = Ax2 + Bz + c (6) 

is a  parabola.  Any  beam of current  density cross section, 
J ( r ) ,  may be  divided into a  series of adjacent, infinitely 
narrow  elements [as  shown in  Fig.  .3(a)], each of which by 
itself would produce an output’ yK of the parabolic  form of 
(6) as  it  scanned  a  parabolic  mask.  The  only difference 
between the  outputs  from different  elements  would be  in 
t’he  constants of the  equation.  When  the  output  contri- 
butions of all the elements  are  added  together,  the  form 
of the  sum 

y1 + y2 + y3 . . .  + Y n  
n 

= y K  = A ~ X ’  + ~ , z  + C, (7)  

is  still  a  second  degree  polynomial  and  hence  a  parabola. 
The scale factor of the  parabola  and  the location of its 
vertex  with respect to  the origin may  vary  as  the beam 
cross section  is  changed. In  general, any finite beamwidth 
will cause the  vertex  to rise above  the  horizontal axis, and 
any  asymmetry  in  the  beam will cause  a  horizontal 
translation of the  curve  to one  side or the  other of t’he 
vertical  axis.  However, the  vertex  may be made  t’o coincide 
with  the origin of the axes, if desired,  by  means of external 
circuitry. 

In  addition to  insuring  a  static  characteristic whose 
curved  portion  is  uncritical,  the  fact that  the  curvature of 
the  output  current  curve of the  tube is independent of the 
beamwidth  may be used to  enhance  the  accuracy of the 
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Fig. 3-(a) Analysis of cross section of current  density  in beam. 

J ( y )  = constant  and J ( x )  into n adjacent, infinitely  narrow  elements 
Division of electron beam  Kith  current  density cross sections 

of uniform current density J(zk).T(y). (b) Effect of multiple  aper- 
tures on beam-density variations  in dimension. Shaded areas 
represent the effective variational portion of the  beam, v. For single 
aperture case (top): 

2 = 2‘1. 

For equivalent multiple (n) apertures case (bottom) : 

characteristic  under  certain  conditions. If the mask has 
small  imperfections  in its contour-such as  bumps  or 
depressions-the beam  may be  spread so as  to reduce its 
resolving  power with  respect to  such  variations,  thus 
smoothing  out the  transfer characteristic  without affecting 
its basic curvature. 

Variations of beam  current  density  in  the “y” dimension, 
J ( y ) ,  over any  aperture  are  an  obvious source of error. 
The circular  symmetry of the disk  beam  precludes  edge 
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effects since the beam  is  continuous.  However,  variations 
in  cathode  coating  for  example,  might cause  nonuniformi- 
ties. By dividing the mask  into  apertures  instead of one, 
the  extent of the  variation  per  aperture is  reduced as 
compared to  the single aperture case  by  a factor  dependent 
upon n. This is  shown  graphically in Fig. 3(b) for  a  simple 
illustrative case in which a linear  variation of J ( y )  is 
assumed. 

Mechanical  alignment of the n apertures is not  a  critical 
factor since  horizontal  nksalignment  would  not affect the 
curvature,  although allowable  deflection range n-ould  be 
affect'ed and hence the  magnitude of the  upper  limit of 
parabolic  curvature. 

E,flect of Tilted  Beam 
Tilting of the beam  away  from  a  position  parallel  to  the 

y axis of the mask will distort  the  output  by  an  amount 
dependent  upon  the degree of tilt  and  the height of the 
mask aperture. In  the  extreme,  the  maximum slope of 
mask  contour, which  can  be followed as  a single-valued 
curve, will be  limited  by  the degree of tilt. 

The  geometry of the  tilted  beam  condition is  shown  in 
Fig. 4(a),  an infinitely  narrow  beam  being  assumed. I t  can 
be seen that a  normalized  parabolic  mask 

y = x 2 + b  (8) 

intercepts  a  port'ion 

1 = y o  = x : +  b (9) 

of an  untilted  beam deflected an  amount xD, to  provide  a 
scpare-laJT out'put.  However, when the beam  is  tilted 
away  from  the y-axis by  an angle e, it  intersects  the  plane 
of the mask  along the line 

y = ( x  - xu)!m, (10) 

where m is the  tilt slope 

Ax 
YmaX 

m = tan 0 = --. (1 1) 

The  intercepted  portion of the  tilted  beam is then 

I' = y; sec e = y ~ d ~  + m2, (12) 
~- 

where yd is the  intercept of (8) and (lo), 

1 - 2mxD - dl - 4m(x, + bm) 
2 m2 (12a) 

Since the  output  current  is  proportional  to I ' ,  the 
intercepted  portion of the  beam, I' vs xu represents the 
shape of the  static  characteristic  resulting  from  a  parabolic 
mask  linearly  scanned  by  a  tilt'ed  beam. (The  factor sec e 
may  be ignored without affecting the  shape of the 
characteristic  since it is  a constant  for  a  given degree of 
beam  tilt.  It's omission normalizes the results  for  different 
amounts of beam  tilt' t o  permit  easy  comparison  with a 
true square-law characteristic, so that' 

yL = - 

io,,, Os yd;) (13) 

The  curve y; vs zD is no longer  square-law. I t  is  similar 
to  the  shape of the parabolic  mask  rotated  about  its origin 
by  an  amount  equal  to  and  in a  direction  opposite to  the 
beam  tilt.  The effect of b,  which represents  "land"  in  the 
mask, is to  cause the apex of the  curve  to move off-center 
by  an  amount x. 

r,, = - b m ,  

m IS TILT SLOPE 

L @  0.0 0 ,s  0.. 0.C 

Fig. 4-(a) Geometry of the  tilted  beam condition. (b) Xormalized 
errors incstatic characteristic arising from a tilted  beam. (c)  Effect 
of multiple apertures on beam  tilt. 

The normalized deviation of the curved  portion of y6 
from  square-law  may be obtained more  conveniently 
while assuming b = 0. Then  the error  is 

Ay = y; - yu = y; - x,: 

- _- I - 2mxD - 4 1  - 4mxD - x;J (14) 
2 m' 

where the variables  have been  normalized and  are ex- 
pressed as  fractions of full  scale  values x,,, and ymex. The 
tilt slope, m, defined in ( l l ) ,  when so normalized  reduces 
to  the beam's x projection, Ax, divided by x,,,, its maxi- 

- - 



mum excursion  along the  r-axis 

Ax 
~ 

R’,,, 2I.r 
y,,, X”,,, 

m = - = - .  (1 5 )  
__ 
Ymax 

Sorlnalized  error, Ay, is plotted  as a function of rD in Fig. 
4(b) for  several  values of tilt  slope, m.  Corresponding  values 
of per  cent  error Ay!’y are also plotted.  These  curves shon- 
that:  

I .  A given  reduction  in tilt, m ,  results  in  more  than a 
proportionate  reduction in  error Ay. 

2 .  The per  cent  error, Ay y. decreases  n-ith .rD (a reduction 
in xDmax n-ill thus reduce the  maximum  per cent  error 
produced  by  a  given  tilt’, m). 

The  above  properties of the error  curves  point the  way 
to  several  means of minimizing  or  correcting for  the  error 
due  to  tilt. 

The  actual construction of the shaped  mask  with 
multiple  parabolic  apertures  rather  than  a single  one  is 
one  way of reducing the error  produced  by  a  given  beam 
tilt. As can  be  seen  from  Fig.  4(c),  the consequence of 
dividing the mask  into n apertures is to  break  up  the beam 
into n parts each with  an effective tilt, m,, ,  of only ll’n of 
the  tilt for  a single equivalent  aperture, m l ,  i.e. 

m , = - ,  

where the  subscripts  denote  the  number of identical 
apertures  into which the  target) electrode  is  divided. The 
error  due to  any  beam  tilt m will, therefore,  be  reduced 
more than n-fold in  accordance  with 1. (The  fact  that each 
of the n parts of the beam  is displaced with respect to  the 
others  along  the deflection  axis  is being ignored  since, as 
was  indicated  earlier, the  curvature of their  sum will 
remain the  same if their  separate  contributions  are 
parabolic.) 

The effect of a tilted  beam on the cylindrically  sym- 
metrical  tubes is actually  more  complicated  than shown 
by the analysis of the  rectangular case. The line of inter- 
section of a  tilted  disk  beam  with  a coaxial  cylindrical 
mask  is  sinusoidal  rather  than  straight.  However,  the 
same  general  considerations  apply to  the cylindrical  tubes 
as to  the  rectangular case. 

In  the case of the disk beam,  the  tilt  may be completely 
eliminated by means of a uniform  magnetic field of the 
proper  strength  and  orientation.  Conversely, to  prevent 
tilting of the beam  by  stray  magnetic fields (including 
that of the  earth), magnetic  shielding  is  desirable. 

Since the percentage of error is proportional t’o deflection 
of the  beam,  the use of signals that  are  as small as possible 
tends  to minimize the error  produced  by  tilt-that  is, the 
smaller  t’he  signal, the  greater  the  accuracy.  The effect in 
producing  more  accurate  operation  is  comparable to  that’ 
obtained when  using  smaller  signals,  which better  satisfy 
small-signal  approximations,  with so-called “linear 
devices.” 

ml 
n (16) 

NOISE CHARACTERISTICS 
In its  present  form,  the square-law tube  is  not int,ended 

to  serve  as  a 1on.-noise input  stage.  Its  gain  under most 
wide-band operating  conditions, where load impedances 
are  small, is  much less than one; hence, any noise generated 
at  its  output n-ill have  an even  larger  equivalent  input 
magnitude.  With  a  gain of less than one, it is not suitable 
for  applications  requiring good sensitivity. The main 
interest in the noise properties of the  tube arises i:l con- 
nection  with  their effect on the available  dyuarnic  rauge 
as  a  computer.  Under most  conditions of operation,  the 
noise rather  than  accuracy of the  curvature of the  static 
characteristic  has  been  found to  set the lon-er limit of the 
dynamic  range. 

In vien- of the nonlinear  transfer  characteristic of the 
square-law tube,  conventional  criteria  and  methods  for 
describing and  evaluating noise characteristics which 
assume  linearity  are  not  applicable.  For  example,  the 
equivalent  resistance  as  normally defined would be  found 
to  be dimensionally  a  function of bandwidth.  Severtheless, 
the noise properties of usual  interest  may easily be de- 
termined  for  the  tube  for  any  particular given  set of 
conditions. 

Since  t’he  “gain” of the  tube is so small (the maximum 
‘(transconductance” is in  the  order of only  a  few  tens of 
nlicronlhos),’s the noise at  the  output  may be  approxi- 
mated  reasonably well solely by the shot noise contributed 
by the  tube  operating  as  a  diode whose plate is the  output 
electrode. The well-known expressions for  the noise 
currents of temperature-  and space-charge-limited  diodes 
are,  therefore,  applicable: 

if = 3.18 x lo-’’ I A f 

for the temperature-limited  case,lg  (17) 
and 

ii = 0.67 i: = 2.13 X lo-’’ I A f 

for  the space-charge-limited  case, (18) 

where I is the  plate  current, Af is the  bandwidth  and i r  
and i, are  the  temperature-  and space-charge-limited 
noise currents,  respectively. 

The  equivalent noise voltages at  input or output  may 
be determined  from  these  equations.  For example, the 
equivalent  input noise voltage of the  tube  operated  under 
space-charge-limited  conditions is: 

e,, = (ia,”C)’’2 = 2.15 X IO-~(IA~)’”/X.”’ ,  (19) 

where I = average  current; Af = bandwidt’h. 
For the QK-329 operating at B + = 150  volts, 

IC = 2 x IO-’ and I = 5 x lo-‘. 

“Transconductance,” Aiout/Aein, for a square-law  device i,,t = 
kei,2 is 

~- Ai,“, 
Aei, 

- 2ke,nJ 

so that it is a  maximum  when ein = ~ ei, 
l9 Terman, op .  tit., p. 293.. 
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Thus,  for  example,  for A,f = 5 mc, 

ei,  = 0.347 volts. (20) 

If improvement of the noise properties of such  tubes 
were desired,  it  is  evident  from (19) that increases  in I: 
would produce the strongest  reductions  in  equivalent  input 
noise. However,  no  net  gain  in  dynamic  range would be 
achieved  in this  manner  for  a given  available total  current, 
since the resulting  equivalent  input noise reduction would 
then he  accompanied by a corresponding  reduction  in 
maximum input level. 

Reducing I of (19) by decreasing  output  current a t  zero 
input  signal,  does offer a  means of reducing  output noise 
current so that  an increase in dynamic  range could  be 
effected. In  order t o  minimize the zero signal current, (a) 
the  target  electrode  should  have as lit'tle  land [b of (S)] as 
possible, and  (b)  the beam  should  be as narrow as possible 
in the plane of the  target. 

EXPERIMESTALLY  DETERMIXED  STATIC  CHARACTERISTICS, 
DYN.4MIC RASGE, A S D  *ACCURACY C.iP.1RILITIES 

X series of developmental  beam-deflection tubes of 
increasing  complexit'y were all  designated QK-25G by 
Raytheon  Nanufacturing  Company,  Kaltham. N a s s . ;  
serial numbers were used to  identify  the different  models. 
QK-2.56, serial no. 2,  proved to  be adequate  for  our 
applications,  and  had  the  further  advantages of simple 
design and power  requirements.  Subsequent copies of this 
partirular model,  with  minor  modifications, were desig- 
nated QK-:329. Most of the experimental data included  in 
this  Section n-as obtained  with  either  the QIZ-329, or its 
protot>ype,  and should be considered as representati~ye 
rather  than  comprehensive.  Table I gives operating 

ThBLE I 
QIi-329 D.4T.4 

- 

General Characteristics 
Heater 

Voltage . . . . . . . . . . . . . . .  6 . 3  volts 
Current . . . . . . . . . . . . . . .  0 . 6  amperes 

Input  Capacitance  (approu.) . . . . . . .  3 ppf 

Direct  Interelectrode  Capacitance  (approu.) 
Output  Capacitance  (target) . . . . . .  13 ppf 

Between Deflector  Plates . . . . . . .  1 ppf 
Between  each Deflector Plate  and  Target 2 . 5  ppf 
Between each Deflector Plate  and  Cathode 1 . 5  ppf 
Between Target  and Collector . . . . .  S ppf 

Deflector Plates . . . . . . . . . . . . .  +SO volts 
Target . . . . . . . . . . . . . . . . .  +300 volts 
Collector . . . . . . . . . . . . . . . .  f300 volts 
Cathode  current . . . . . . . . . . . .  10 ma 
Target Load  Resistance , , . , , , , , , 100,000 ohms 
Input Signal (between deflector plates) . . 65 volts  (peak') 
Deflector Current  Max  (through 10,000 ohm 

Typical  Operation 

resistance) . . . . . . . . . . . . .  10 p.1 
Square-law voltage  output* . . . . . . .  55 volts  (peak) 

- 

* The portion of the  output  yoltage, measured from the nlininlum point, that 
is squarelaw  a i thin 3 peF cent. 

parameters  and  characteristics  typical of this  tube.  Wt,h 
more  complicated tube designs in  the QK-2.56 series. 
higher output  currents  with lower input signal  require- 
ments were  achieved.  Other  variations which  would 
reduce  interelectrode  capacitances  are also  possible. 

Static  Characteristics 
Once suitable  operating  conditions were determined, 

the expected  insensitirit'y of the  square-lav  curvature of 
the  static characteristics to  other  parameters of a  beam- 
deflection tube was  borne  out  by the experimental  work. 

I t  was found that  satisfactory  and  stable  operation 
could  be obtained  by biasing the deflection plates  at some 
constant  fraction of the high  voltage  or E,, supply.  This 
supply  voltage could then be varied  over wide limits  with 
little  change  in  the  curvature of the  static characteristics, 
except  for the location of the overload point,  as is  shown 
in  the  typical  curves of Figs. ;(a) and 5(b) on the next 
page, that were obtained  with  an oscilloscope. 

As determined by more precise nleans [see Fig.  3(c) 
next  page],  these  curves  are  naturally  square-Ian-  within 
less than one  per  cent of full  scale  over a considerable 
portion of the  total range say, ei,, 5 f 40 volts. The 
geometry of the  tube makes i t  possible to  obtain such 
results  without  careful  adjustment of the  operating con- 
ditions.  For most  purposes, then,  the  static characteristics, 
i,,, vs ei,, can be idealized and described as parabolas  with 
their  vertexes  displayed  from the origin by amounts io 
and e ,  so that 

i,,,,, = i,, + k(e,, + p , , , ) '  amps, (21) 

where 1; is the scale factor of the  parabola expressed  in 
mhos  volt." io and p 0  may be functions of B f ,  beam- 
density cross section.  alignment,  aging,  etc.,  but 1. and  the 
parabolic  curvature  are  essentially  constant  for  a  particular 
tube  under  the  operating  conditions  described.  The 
magnitude of k for  tubes  such  as  the  QB-256  no. 2 and 
QB-329 n-ith the simple (but relatively  insensitive)  gun 
structure shown  in Fig. 2 is around 0.2 micromhos,  volt. 
I-alues of li of the order of 10 micromhos,  volt have been 
achieved n-ith more  complicated  gun  structures. 

Dynamic Range and Accztracy Capabilities 

For  those  circumstances where  a  high  order of accuracy 
or dynamic  range is required, more  detailed  information 
on the practical  limits to  the square-law  behavior  provided 
by the  tube  geometry is  essential.  Deviations of actual 
static  characteristics  from  the idealized form of (21)  show 
up when the  input signal  reaches  a  sufficiently  high  level, 
a l ~ d  occur in  either of two  forms. 

Owdoad: A gradual  but progressive  falling off of the 
output  current  from  the  true square-law curve occurs 
with  increasing  input signal until  a  maximum is  reached 
beyond  which the  output' remains  const'ant or decreases 
with  further  increase in input signal.  This effect' is  equiv- 

20 The  term  "tranPquaductarlcr"  for k has been Puggested hy 
\I7. H. Huggins of this  Center. 
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Fig. 5-(a) Static  characteristics of QK-256, serial no. 2. (b) Comparison of curved  portions of (a)  with  parabola. (e) Precise  plot of static 

characteristic of QK-329 compared  with  parabola. 

alent  to overload  in a conventional tube  and imposes the 
ultimate  upper  limit t'o the  dynamic range  under  any 
condition of operation.  The  manner  in which this overload 
occurs-such as the  input level a t  which  it'  begins and  the 
rate  at which i t  progresses with  further  increase  in  input 
voltage-will vary  with  the  operating  conditions.  Bearing 
in mind that  the overloading  is  caused  simply  by  deflection 
of portions of the electron  beam  beyond the  limits of the 

aperture  in  the  t,arget  electrode,  it is apparent  that 
sharply-focused beams will allow the largest  undistorted 
deflections with accompa1qTing abrupt overloading. On 
the  other  hand, broadly-focused beams will produce 
gradual overload  commencing at smaller  values of de- 
flection. The  absolute  magnitudes of input  voltage  and 
output  current  at which  overload takes place will be 
subject  to  additional  factors  that affect the  total  current 
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or the deflection  sensitivity,  such  as B+. -1s may he  seen 
from  Fig.  5(b),  the  output  current  range  from  minimum 
current  tjo  overload  point  increases  with B f  . In  order to  
achieve  higher output current'  ranges, B f  might  be 
profitably  increased until  the  tube  current becomes limited 
by emission saturation. 

Beam Tilt: A progressive asymmetry between the  two 
arms of the parabolic  static  characteristics  may be evident 
with increasing input' level,  because the beam  may  not be 
parallel to  the y-axis of the  target.  (This effect is distinct 
in origin from  asymmetry  produced  by  overloading  with 
an  asymmetrical electron beam.) 9 s  described  heretofore 
("E$ect of Tilted Beam"), this  distortion  may be mini- 
mized by  proper  tube design and  construction  or com- 
pletely  eliminated by external  means.  Since the overload 
form of distortion is  inevitable  under  any  condition,  for 
practical  purposes the beam-tilt  error need be  minimized 
only to  the point  where it is  overshadowed by  the error 
from overload. 

Measurements  have confirmed that  the lower end of 
the  dynamic  range  is  bounded  by  tube noise rather  than 
incorrect curvature of the characteristic.  Since  this noise 
is a  function of circuit bandwidth  and  tube  current,  the 
ultimate  dynamic  range will be  a function of bandn-idth 
and any  factors  that affect the  tube  current,  such  as high 
voltage supply. I t  was  pointed  out  above that  this  supply 
voltage  also  affects the  upper limit of the  dynamic range- 
that imposed by  overload. ,Is B f  is  increased then,  the 
upper  limit of the  dynamic  range,  set  by  overload, will 
increase in  direct  proportion to  any accompanying rise in 
total  current, while the lower limit,  set  by noise, will rise 
as the square-root of this  same  tube  current. A net  gain  in 
dynamic  range  may be  expected,  therefore,  from an 
increase in  supply  voltage because of the accompanying 
increase in  total  current,  until emission saturation of the 
tube  current becomes a  limiting  factor. 

It may be possible to  obtain  better performance  for 
particular  applications  by  taking  advantage of the flexi- 
bility of operation  afforded  by the  tube itself. It lends 
itself t o  use  with  a balanced or a single-ended input: single- 
ended output  from  target or collector, or push-pull  output 
from both;  and  with  numerous  combinations of electrode 
potentials and loads.  Particular  applications  may  also 
permit  operation of the square-law tube circuitn-ise so as 
to  make  the  accuracy  independent of certain  factors,  with 
resultant  increase  in  accuracy  and,'or  decrease  in  circuit 
complexity. For instance, if conditions allow selection of 
only the second  harmonic  component of the  total  output 
from the  tube  as  the desired  signal, its square-law action 
will be independent of the i, and eo terms of (21). This 
may be  shown  by substituting ei,  = E cos 0 into (21), in 
which case the coefficient of the cos 2 e term is 1&2. If 
the static  characteristic of the  tube is  represented  by  a 

power series: the second  harmonic  component of the  output 
can  be shon-n to  be independent of the odd  order co- 
efficients of the series for  a  perfectly  centered  input  signal. 
Over 100 db of accurate  output  dynamic  range  has been 
measured  using  a  narrow-band, second  harmonic  amplifier 
circuit and  the  moderately high value of E,, = 400 volts 
with noise setting  the lower limit." For convenience these 
measurements were  performed at  audio frequencies. 

Zero Stabili ty 

Applications  involving  dc-coupling of the square-lam 
tubes  require  that  the  location of the  vertex of the  parabola 
with respect to  the origin (io and e ,  of (21)) remain  constant 
with  time, so that  variations  in i,,,, will be  produced  only 
by  changes  in ei, .  X complete  investigation of the  drift 
characteristics of io and e ,  and  methods  for  optimizing 
their  stability  has  not  yet been concluded.  However, 
preliminary  results  indicate  that  input  drift is negligible; 
e,  may  vary  from  tube  to  tube  but  remains  at  the  same 
value  for  a  given  tube n-ithout,  critical adjustment of tube 
potentials. Self-zeroing  schemes at  the  input  are unneces- 
sary.  Output  current  and i,, however,  being  functions of 
total  current,  are  sensitive  to  any  parameters  that affect 
total  current,  such  as  filament  voltage  and E,;. The  normal 
precautions  appropriate t o  dc-amplifier  design must, 
therefore, be taken  to hold io stable  with  time.  These 
conclusions are  indicated  qualitatively  by  the  st'atic 
characteristics of Fig.  5(a). 

COKCLL-SIOS 
Beam deflection  square-law tubes  have been  developed 

which  provide  accurate  static  characteristics  with in- 
herent  parabolic  curvature  usable  over  a  frequency  range 
from zero into  the vhf region. 

Dynamic  range is  bounded  by  overload at   the high  end 
and noise at  the lon- end.  Dynamic  range  and  accuracy 
capabalities  are  dependent  upon  the  particular  operating 
conditions.  Accuracies  within less than 1 per  cent of full 
scale and  output  dynamic  ranges of over 100 db  have been 
achieved.  Successful  applications to  date give  promise for 
much  wider application  in  the  future. 
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